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Abstract
Let F be a cubic cyclic field with exactly one ramified prime p, p > 7, or F = Q(√d), a real quadratic field with
d 6≡ 6 (mod 9). In this paper, we study the 3-primary part of K2OF . If 3 does not divide the class number of F , we get some
results about the 9-rank of K2OF . In particular, in the case of a cubic cyclic field F with only one ramified prime p > 7, we prove
that four conclusions concerning the 3-primary part of K2OF , obtained by J. Browkin by numerical computations for primes p,
7 ≤ p ≤ 5000, are true in general.
c© 2006 Elsevier B.V. All rights reserved.
MSC: 19F15; 11R11; 11R16; 11R29; 11R37
1. Introduction
Let F be a number field and OF the ring of integers in F . The Milnor K -group K2OF is known to be the same as
the tame kernel of F . For a quadratic number field, K2OF has been intensively studied. See [9–13,16] for the results
about the 2-primary part of K2OF . For an odd prime p, results on the p-primary part of the tame kernel of number
fields can be found in [4–6], etc. Browkin [2] studied this problem for the quadratic number fields.
To the authors’ knowledge, there are few results on the p2-rank of the tame kernels of number fields. Let F be a
cubic cyclic field with exactly one ramified prime p, p > 7, or F = Q(√d), a real quadratic field with d 6≡ 6 (mod 9).
In our paper, we study the 3-rank and the 9-rank of K2OF . Let E = F(ζ3). Under the assumption of GRH, Browkin’s
recent computation determined the structure of the tame kernels for all cubic cyclic fields with only one ramified
prime p, 7 ≤ p ≤ 5000. From his computation, he verified that the following statements are valid for 7 ≤ p ≤ 5000.
(1) If 9|#K2OF , then 3-rank K2OF = 2.
(2) 3‖#K2OF iff 3‖#Cl(OE ).
(3) 9‖#K2OF iff Syl3Cl(OE ) = Z/3× Z/3.
(4) 27|#K2OF iff Z/3× Z/9 ⊆ Cl(OE ).
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In this paper, we prove that the above statements (1)–(4) are true in general.
The paper is organized as follows.
In Section 2 we study elements of order 3 in K2OF . We first write down elements of order 3 in K2OE in terms of
the S-class group of E . Then using the transfer homomorphism, we can describe elements of order 3 of K2OF . To
obtain the 9-rank of K2OF , we give some criteria for an element of order 3 in K2OE to be a cube of some element in
K2OE . In Section 3, we apply reflection theorems to compute 3-rank(Cl(OE )). By local class field theory, we give
a criterion for some Hilbert symbol to be trivial. Then using this, together with results in Section 2, we show that
9-rank K2OF ≥ 1 if and only if 9-rank(Cl(OE )) ≥ 1. Finally, we prove that (1)–(4) hold for all primes p.
2. Elements of order 3 in K2OF
Throughout this section we use the following notation:
E/F is a finite extension of number fields.
µ3 is the group of roots of unity of order 3.
E is a number field containing µ3.
L = E(ζ9).
S (resp. T ) is the set of primes of E (resp. L) containing all infinite primes and all primes dividing 3.
US (resp. UT ) is the group of S-units of E (resp. T -units of L).
OE,S is the ring of S-integers of E .
AE (resp. AL ) is the 3-Sylow-subgroup of the S-class-group of E (resp. T -class-group of L).
A is the 3-Sylow-subgroup of the class group of E .
vp (resp. vP ) is the valuation corresponding to the prime ideal p (resp. P) of E (resp. L).
If a is a fractional ideal of E (resp. L), then cl(a) is the class of a in AE (resp. AT ).
The transfer for K2 is useful in this section. For the convenience of the reader, we recall its basic properties (see [5]
or [7]) and some well-known facts which we need.
Lemma 2.1. (i) A transfer trE/F is a group homomorphism trE/F : K2(E)→ K2(F).
(ii) The projection formula: for x ∈ F and y ∈ E we have
trE/F {x, y} = {x, NE/F y}
where NE/F is just the field norm of the extension E/F.
(iii) The composition of maps
K2(F)
j−→ K2(E) trE/F−→ K2(F),
where j is induced by the inclusion F ⊂ E, is the same as multiplication by the degree of E/F.
(iv) For an extension of number fields E/F and a finite prime p of F the following square commutes
K2(E)
(τP )−→ ⊕P |p k∗P
trE/F
y y(NkP /kp )
K2(F)
τp−→ k∗p
where P is a prime ideal of E, kP the residue field of E, kp the residue field of F, τp the homomorphism induced
by the tame symbols on F and τP the homomorphism induced by the tame symbols on E.
(v) For E/F a Galois extension with group Γ and a positive integer n the homomorphism j : K2(F) → K2(E)
induces a homomorphism j : nK 2(F) → nK 2(E) which is an injection when n and |Γ | are relatively prime. If
so, then trE/F induces a surjection: nK 2(E)→ nK 2(F).
(vi) If j : K2(F) → K2(E) and trE/F : K2(E) → K2(F) are restricted to the groups K2OE , K2OF , then the
analogues of (v) hold for these groups as well.
Lemma 2.2 ([14, Lemma 4.3]). Let F be a field and ` a prime number. For a, b ∈ F the following statements are
equivalent:
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(i) {a, b} ∈ `K2F;
(ii) b is a norm from the extension F(a1/`).
Lemma 2.3 ([15, Theorem 4.12]). Let E be a CM-field, W the group of roots of unity in E and F the maximal real
subfield of E. Denote by UE and UF the group of units of E and F, respectively. Then [UE : WUF ] = 1 or 2.
Since ζ3 ∈ E and the following sequence
0→ K2(OE )→ K2(OE,S)→
⊕
p∈S,p finite
k∗p → 0,
is exact, one has the following lemma.
Lemma 2.4. 3K 2(OE ) can be generated by {ζ3, α} with
(i) α ∈ US; or
(ii) αOE,S = p3,where p is a prime generator of AE .
In the following, we denote trL/E simply by tr.
Lemma 2.5. If α ∈ NL/EUT with {ζ3, α} 6= 1, then there exists an element ω ∈ K2OE such that ω3 = {ζ3, α}.
Therefore, 9-rank K2OE ≥ 1.
Proof. By the assumption, we have δ ∈ UT such that α = NL/Eδ. By Lemma 2.2, there is u ∈ K2E such that
u3 = {ζ3, α}. By Lemma 2.1(ii), we see that u3 = {ζ3, α} = tr{ζ9, δ}3. Hence, there exists an element x ∈ E such that
u = tr{ζ9, δ}{ζ3, x}. Since δ ∈ UT , {ζ9, δ} ∈ K2(OL ,T ). Set ω = tr{ζ9, δ}. We have ω ∈ K2OE and ω3 = {ζ3, α}.
Finally, ω 6= 1 since {ζ3, α} 6= 1. This completes the proof. 
Lemma 2.6. If αOE,S = a3 and {ζ3, α} ∈ (K2E)3, where a is a fractional OE,S-ideal of E, then there exists an
element β ∈ K2E with τp β = ζ i3 (mod p), where i = vp (a) for all p 6∈ S, such that β3 = {ζ3, α}.
Proof. Since α ∈ (K2E)3, there exists an element δ ∈ L such that α = NL/E (δ) by Lemma 2.2. By Lemma 2.1(ii),
we have tr({ζ3, δ}) = {ζ3, α}. On the other hand, tr({ζ3, δ}) = tr({ζ9, δ}3) = (tr{ζ9, δ})3. Write β = tr({ζ9, δ}). For
every prime ideal p of E , we consider the commutative diagram in Lemma 2.1(iv). Since p 6∈ S, the extension L/E is
unramified at p. Then p is inert or splits in the extension L/E .
If p is inert in L/E , then pOL = P and
τP ({ζ9, δ}) = ζ vP (δ)9 (mod P) = ζ
1
3 vp (α)
9 (mod P) = ζ
vp (a)
9 (mod P).
Since Gal(kP /kp ) = Gal(L/E), we obtain
τp (β) = NkP /kp (τP ({ζ9, δ}) (mod P)) = ζ i3 (mod p).
If p splits in L/E , i.e. p = P1P2P3, then we have
vp (α) = vP 1(δ)+ vP 2(δ)+ vP 3(δ)
since α = NL/E (δ). Since kP i = kp , i = 1, 2, 3, we see that
τp (β) =
3∏
i=1
ζ
vP i (δ)
9 (mod p) = ζ
vp (α)
9 (mod p) = ζ i3 (mod p).
The proof is complete. 
Lemma 2.7. Suppose that {ζ3, α} ∈ (K2E)3. If αOE,S = a3 for some non-principal fractional OE,S-ideal a of
E, then the following statements are equivalent:
(i) {ζ3, α} ∈ (K2OE )3;
(ii) there exists a non-principal fractional OE,S-ideal b of E such that cl(a) = cl(b3).
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Proof. (i) ⇒ (ii) Assume ω ∈ K2OE such that ω3 = {ζ3, α}. It follows from Lemma 2.6 that there exists an element
β ∈ K2E such that β3 = ω3. Then we have β = ω{ζ3, x}, where x ∈ E . So, τp (β) = τp ({ζ3, x}) for all prime ideals
of E . Again from Lemma 2.6, we see that for all prime ideals p 6∈ S of E
vp (a) ≡ vp (x) (mod 3).
Hence, there exists an ideal b such that cl(a) = cl(b3). Since cl(a) 6= 1, the result (ii) follows.
(ii)⇒ (i) Suppose that x ∈ E satisfies a = b3xOE,S . Then for all prime ideals p 6∈ S, we have
τp {ζ3, x} = ζ vp (x)3 (mod p) = ζ
vp (a)
3 (mod p).
By Lemma 2.6, we see that {ζ3, α} = β3 = (β{ζ 23 , x})3 and τp (β{ζ 23 , x}) = 1. So, β{ζ 23 , x} ∈ K2(OE,S). Therefore,
β{ζ 23 , x} ∈ K2OE since (β{ζ 23 , x})9 = 1. The proof is complete. 
Lemma 2.8. Let F be a cyclic cubic field or F = Q(√d) a real quadratic field with d 6≡ 6 (mod 9). Suppose that
E = F(ζ3). Then for every element α ∈ US, we have trE/F ({ζ3, α}) = 1.
Proof. It is obvious that F is the maximal real subfield of E and |W | = 6. If F is a cubic cyclic field, then the prime
ideal p | 3 in F does not split in E since [F : Q] = 3 and 3 ramifies in Q(ζ3). When F is a real quadratic field with
d 6≡ 6 (mod 9), we have also that the prime ideal p|3 in F does not split in E .
If α ∈ F , then trE/F ({ζ3, α}) = 1. If α ∈ US , then by Lemma 2.3 there is α′ ∈ F such that α = ±ζ j3 α′ or
α2 = ±ζ j3 α′, where j = 1, 2. It is obvious that {ζ3,−ζ3} = 1 and {ζ3, ζ3} = 1. So {ζ3, α} = 1 or {ζ3, α}2 = 1. Note
that {ζ3, α}3 = 1. Therefore trE/F ({ζ3, α}) = 1. 
Lemma 2.9. Let F = Q(√d) be a real quadratic field with d 6≡ 6 (mod 9) or a cubic cyclic field, E = F(ζ3). Then
every element of order 3 in K2OF is of the form trE/F ({ζ3, α2}), where cl(α) = cl(a3), a is an ideal of E.
Proof. Let x 6= 1 be an element of order 3 in K2OF . Then j (x) = {ζ3, α} 6= 1 since j is injective, where α ∈ E .
The composition tr ◦ j is multiplication by 2. By Lemmas 2.8 and 2.1(vi), there exists an ideal a of E such that
cl(α) = cl(a3). Since x2 = tr ◦ j (x) = tr({ζ3, α}), we get
x = x4 = tr({ζ3, α})2 = tr({ζ3, α2}). 
3. The 9-rank of K2OF
Let us begin by recalling some standard notation and well-known results. Let p be an odd prime number. For a
number field K we denote respectively by UK and hK the group of units and the class number of K . For a finite
abelian group M we denote by M/p the quotient group M/pM and put pM = {m ∈ M | m p = 1}.
In [1], Browkin verified that 3-rank(Cl(OE )) ≤ 2 for all p < 5000 (see the introduction for the notation E).
Applying reflection theorems, we prove in the following that it is true in general. Write ζp for a primitive pth
root of unity. Let F be a Galois number field and E = F(ζp). Assume [E : F] = 2. Let L be the maximal
unramified elementary abelian p-extension of E with the Galois group H = Gal(L/E). Then the Artin reciprocity
map establishes an isomorphism
α : A/p → H
of Γ -modules, where A is the p-Sylow subgroup of the ideal class group of E and Γ = Gal(E/Q). Since µp ⊂ E
in our situation, by Kummer theory there is a subgroup B of E∗ containing (E∗)p such that L = E( p√B). Let
B0 = B/E∗ p. There is a non-degenerate bilinear pairing
H × B0 → µp
given by < h, b0 >= h(b1/p)/b1/p, where h ∈ H, b0 = bE∗ p ∈ B0. And the pairing satisfies
〈h, b0〉τ = 〈hτ , bτ0 〉, for τ ∈ Γ .
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Consequently B0 ∼= Hˆ as Γ -modules, and Hˆ ∼= H as abelian groups. Since L/E is unramified, we see that for any
b ∈ B the principal ideal (b) is the p-th power of some ideal in E . There is a homomorphism of Γ -modules
ϕ : B0 → pA
such that ϕ(bE∗ p) = Cl(b), where the ideal b of OE is defined by the condition (b) = bp. It is easy to prove that
Ker ϕ ∼= subgroup of UE/U pE as Γ -modules. From the assumption, we know that G = Gal(E/F) is a subgroup of
Γ . Thus all Γ -modules are G-modules.
Theorem 3.1. Let F be a number field. Let p be an odd prime and let AF be the p-Sylow subgroup of the ideal class
group of F. If E = F(ζp) and [E : F] = 2, then p-rank (A) ≤ 2s + r1 + r2 − 1, where s = p-rank (AF ), and
r1, r2 are the numbers of real embeddings and pairs of complex embeddings of F, respectively.
Proof. Let G = Gal(E/F) and let σ be a generator of G. Then ε0 = 12 (1+σ) and ε1 = 12 (1−σ) are two idempotents
of the group ring Zp[G]. Thus A = ε0A⊕ε1A. Since [E : F] = 2, we have p-rank(A) = p-rank(AF )+ p-rank(ε1A).
Note that H ∼= A/p as G-modules. So εiH ∼= εi (A/p) for i = 0, 1. If h ∈ ε0H , then σ(h) = h. If h ∈ ε1H , then
σ(h) = h−1. Clearly, σ(ζp) = ζ−1p . Let h ∈ εiH and b ∈ ε j B0. Then
〈h, b〉−1 = 〈h, b〉σ = 〈hσ , bσ 〉.
If i = j , then 〈h, b〉 = 1. Note that if ε0H = 1, then ε1B = 1; similarly if ε1H = 1, then ε0B = 1. Since the pairing
between B = ε0B ⊕ ε1B and H = ε0H ⊕ ε1H is non-degenerate, it follows easily that the induced pairing
εiH × ε j B → µp
is non-degenerate for i = 0, j = 1 if ε0H 6= 1 or i = 1, j = 0 if ε1H 6= 1. Hence we have
ε0B0 ∼= ε1H ∼= ε1(A/p), as abelian groups.
Now the reflection map ϕ : B0 → pA is G-linear, so
ϕ : ε0B0 → ε0(pA).
We also have
Ker(ϕ) ∩ ε0B0 ∼= subgroup of ε0(UE/U pE ).
Since ε0(UE/U
p
E ) = UF/U pF , p-rank(ε0B) ≤ p-rank(AF )+ p-rank(UF/U pF ). Thus by Dirichlet’s unit theorem we
get p-rank(A) ≤ 2s + r1 + r2 − 1. 
Corollary 3.2. If F is a real quadratic field with 3 - hF , then 3-rank A ≤ 1.
Corollary 3.3. If F is a cubic cyclic field with only one ramified prime, then 3-rank A ≤ 2.
Proof. It follows from [1, Theorem 2.2] and Theorem 3.1. 
Lemma 3.4. Let F = Q(√d) be a real quadratic field with 3 - hF . If d 6≡ 6 (mod 9), then 3-rank K2OF = 3-rank A.
Proof. By [2, Theorem 5.3], we know that 3-rank K2OF = 3-rank ε1A. Since 3 - hF and the norm map
NE/F : A → AF is surjective, it is easy to see that
3-rank A = 3-rank ε0A + 3-rank ε1A = 3-rank ε1A,
where AF is the 3-Sylow-subgroup of the ideal class group of F . So 3-rank K2OF = 3-rank A. 
From Corollary 3.2 and Lemma 3.4, one can easily get the following result:
Corollary 3.5. Let F = Q(√d) be a real quadratic field with 3 - hF . If d 6≡ 6 (mod 9), then 3-rank K2OF = 1
or 0.
Let F be a p-adic number field and UF the group of units in F . As usual, U
(n)
F = 1 + pnF is the group of higher
principal units, n = 1, 2, . . ., where pF is the maximal ideal.
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Lemma 3.6. Let p be an odd prime and F a p-adic number field. Let e = vF (p). If n > ep−1 , then (U (n)F )m =
U (n+vF (m))F holds for any positive integer m. In particular, if e < p − 1, then (U (1)F )p = U (1+e)F .
Proof. See [8, Chapter III, Theorem 1.2]. 
Lemma 3.7. Let F be a number field, E = F(ζp) and p an odd prime. Assume p splits completely in F and let
P|p be a prime ideal of E. Denote by ( ,
P
) the Hilbert symbol of order p on EP . Then for any x, y ∈ F∗, we have
(
x,y
P ) = 1.
Proof. Let p be a prime of F such that P|p|p. Then EP = Fp (ζp). By Local Class Field Theory, we have
[UFp : U pFp ] = p.
(1) If x ∈ F pp or y ∈ F pp , then it is clear that ( x,yP ) = 1.
(2) Assume that x 6∈ F pp and y 6∈ F pp .
(a) If x, y ∈ UFp , then there exists an integer i with 0 ≤ i ≤ p − 1 such that x i y ∈ U pFp since [UFp : U
p
Fp
] = p.
But (
x, y
P
)
=
(
x, x i y
P
)(
x, x
P
)i
=
(
x, x i y
P
)
since ( x,xP )
i = (−1,xP )i is of order 2. So it follows from (1) that ( x,yP ) = 1.
(b) Assume x = u ∈ UFp and y = vpi s where v ∈ UFp , pi is a prime element of Fp and s ∈ Z.
If p | s, then(
x, y
P
)
=
(
u, v
P
)
.
So the situation is the same as in case (a).
Assume p - s. Let i be a positive integer such that ui ≡ 1 (mod pi). So, p - i . Write ui = 1+ εpi j with ε ∈ UFp .
If p | j , then j ≥ p. Applying Lemma 3.6 and noting that, in our case, e = 1, we have
ui ∈ U ( j)Fp ⊆ U
(1+e)
Fp
= (U (1)Fp )p.
Therefore(
x, y
P
)
=
(
u, vpi s
P
)
= 1.
If p - j , then there exists an integer r with p - r such that p | jr + s. Note that ( u,1−uiP ) is of order i and so
( u,1−uiP ) = 1. We have(
x, y
P
)
=
(
u, vpi s
P
)
=
(
u, (1− ui )rvpi s
P
)(
u, (1− ui )r
P
)
=
(
u, (−ε)rvpi jr+s
P
)
.
So, the reasoning is reduced again to case (a).
(c) Assume x = upi t and y = vpi s , where pi is a prime element of Fp , u, v ∈ UFp and t, s ∈ Z.
If p | ts, say, p | s, then(
x, y
P
)
=
(
upi t , v
P
)
.
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If p - ts, then there exists an integer r with p - r such that p | r t + s. Then(
x, y
P
)
=
(
x, xr y
P
)(
x, x
P
)r
=
(
x, xr y
P
)
=
(
upi t , urvpir t+s
P
)
=
(
upi t , urv
P
)
.
This is case (b), since urv ∈ UFp . The proof is complete. 
Lemma 3.8 ([1, Theorem 4.7]). Let F be a cubic cyclic field with only one ramified prime and E = F(ζ3). Then
3-rank K2OF = 3-rank A.
Now, we assume that either
(I) F = Q(√d) is a real quadratic field with 3 - hF and d 6≡ 6 (mod 9), or
(II) F is a cubic cyclic field with only one ramified prime p, p > 3.
Let Ω be the subset of 3K2OE consisting of all elements {ζ3, α} with α ∈ US . It is easy to see that Ω is the
subgroup of 3K2OE .
Lemma 3.9. The transfer homomorphism trE/F : 3K2OE → 3K2OF induces an isomorphism 3K2OE /Ω →
3K2OF .
Proof. By Lemma 2.8, we see that trE/F (Ω) = 1. It is obvious that |3K2OE /Ω | ≤ |3AE |. From Lemmas 3.4 and
3.8, we have 3-rank K2OF = 3-rank A. For a prime ideal P | 3 of E , we have σ(P) = P. Hence, it is easy to see
that 3-rank K2OF = 3-rank A = 3-rank AE . Note that trE/F is surjective. So,
|3AE | = |3K2OF | ≤ |3K2OE /Ω | ≤ |3AE |.
Thus |3K2OF | = |3K2OE /Ω |. This proves the result. 
Theorem 3.10. 9-rank K2OF ≥ 1 if and only if 9-rank A ≥ 1.
Proof. By the assumption, there exists an element x ∈ 3K2OF ∩(K2OF )3. Thus from Lemma 2.1(v) we have
j (x) ∈ (K2OE )3. By Lemmas 2.8 and 2.1(v), there exists an element α ∈ E and a fractionalOE,S-ideal a of E , which
satisfies αOE,S = a3, such that j (x) = {ζ3, α}. So {ζ3, α} ∈ (K2OE )3. By Lemma 2.7, 9-rank A = 9-rank AE ≥ 1.
Conversely, since 9-rank A = 9-rank AE , there exist two fractional OE,S-ideals a and b satisfying cl(a) 6= 1,
a = b3 and a3 = αOE,S, α ∈ E . By Lemma 2.1(vi), j : 3K2OF → 3K2OE is injective. Since 3-rank K2OF =
3-rank AE , we may assume ρ ∈ K2OF is of order 3 and ρ = {ζ3, α} in K2OE . Without loss of generality, we may
write ρ = {a, b} with a, b ∈ F . ForP - 3, we see that the Hilbert symbol ( a,bP ) is just equal to the tame symbol by [3,
Corollary 2]. When P | 3, we have the following two cases:
(i) If 3 is inert in F , then (3) = P2 in E . Thus by the product formula, the Hilbert symbol of order 3 on EP satisfies(
a, b
P
)
= 1.
(ii) If 3 splits in F , then by Lemma 3.7, we have ( a,bP ) = 1 for any prime ideal P in E with P | 3.
Thus, ( a,bP ) = 1 for every prime ideal P in E . Therefore, by the Hasse norm theorem [8, Chapter IV, Corollary
5.2], we have a is a norm of the extension E( 3
√
b)/E . Consequently, {ζ3, α} = {a, b} ∈ (K2E)3 by Lemma 2.2. Then
by Lemma 2.7, there exists an element γ ∈ K2OE such that {ζ3, α} = γ 3. It follows that tr{ζ3, α} = (trγ )3 is of order
3 in K2OF from Lemma 3.9. So, trγ is of order 9 in K2OF . This completes the proof. 
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If F is a field of case (I), then by Corollary 3.5 we have the following results:
Corollary 3.11. 9-rank K2OF = 1 if and only if 9-rank A = 1.
As an application, we apply the previous results to make a verification of (1)–(4) listed in Section 1. We keep the
previous notation. Let F be a cubic cyclic field with only one ramified prime p and E = F(ζ3).
Lemma 3.12. Let E/F be a Galois extension of number fields and [E : F] = q. If q - hF and q | hE , then the
q-primary part of Cl(OE ) is cyclic if and only if q‖hE .
Proof. It is sufficient to prove that if the q-primary part of Cl(OE ) is cyclic, then q‖hE . Let τ be a generator of the
Galois group of E/F and P a generator of the q-primary part of Cl(OE ). If not, we denote by q i the order of P,
where i > 1. If τ(P) = P, then
Pq = (1+ τ + τ 2 + · · · + τ (q−1))(P) = Norm(P),
where the Norm is induced by the norm from E/F . By the assumption, P = 0, a contradiction. Thus τ(P) 6= P.
Consequently, τ(P) = Pn , for some n with (n, q) = 1. Then q i | 1 + n + n2 + · · · + nq−1. However,
q2 - 1+ n + n2 + · · · + nq−1. This is a contradiction. The proof is complete. 
Corollary 3.13. Let F be a cubic cyclic field with only one ramified prime and E = F(ζ3). If 3 | hE , then AE is
cyclic if and only if 3‖hE .
Proof. Since the class number of Q(ζ3) is 1, the result follows from Lemma 3.12. 
Corollary 3.14. Let F be a cubic cyclic field with only one ramified prime and E = F(ζ3). Then 9 | hE if and only if
3-rank A = 2.
Proof. The result follows from Corollaries 3.3 and 3.13. 
Corollary 3.15. Let F be a cubic cyclic field with exactly one ramified prime p and E = F(ζ3). Then
(1) If 9|#K2OF , then 3-rank K2OF = 2.
(2) 3‖#K2OF iff 3‖#Cl(OE ).
(3) 9‖#K2OF iff Syl3Cl(OE ) = Z/3× Z/3.
(4) 27|#K2OF iff Z/3× Z/9 ⊆ Cl(OE ).
Proof. (1) By Lemma 3.8 and Corollary 3.3, we have 3-rank K2OF ≤ 2. If 3-rank K2OF 6= 2, then 9-rank K2OF ≥ 1
since 9|#K2OF . By Theorem 3.10, we have 9-rank A ≥ 1. By Corollary 3.13, we have 3-rank A = 2. It follows that
3-rank K2OF = 2. This is a contradiction.
(2) follows from Lemma 3.8, Corollary 3.14 and (1).
(3) is a consequence of Lemma 3.8, Theorem 3.10 and (1).
(4) is equivalent to (3). 
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